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Design Criteria for Axially Loaded Cylindrical Shells
B. 0. ALMROTH,* A. B. BURNS,* AND E. V.

Lockheed Polo Alto Research Laboratory, Palo Alto, Calif.

A method of elastic stability analysis for axially compressed cylindrical shells is presented,
and applied to all types of cylindrical shells for which experimental results are available. The
method is clearly conservative because it predicts critical loads below the test results for every
one of the more than 250 test specimens included in the evaluation. A review of previous ef-
forts to establish design criteria is included and it appears that the method recommended here
is superior to presently employed methods. Still it must be considered an interim solution;
continued research will eventually lead to more satisfactory design principles.
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length of cylinder
bending and twisting moments
number of waves in axial direction
membrane forces
wide column load
critical line load for design purposes
critical line load according to classical theory
number of waves in circumferential direction
design load for a cylinder
critical load on cylinder according to classical

theories
critical load for cylinder for 50%, 90%, and 99%
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external pressure
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interface pressure (cylinder to core)
shell radius
effective radius to thickness ratio
thickness of monocoque shell
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normalized; t for the monocoque shell
see Eq. (A3)
see Eq. (A4)
seeEq. (A 17)
middle surface strains
changes of curvature
see Eq. (A10)
see Eq. (A2)
amplitude of initial imperfection (normalized

with respect to I)
Poisson's ratio for core
critical stress normalized with respect to the

quantity E(t/R)
reduction factor
core modulus
core modulii, for prebuckling and incremental
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Introduction

THE theory for buckling of thin shells fails in many cases
to yield results in agreement with experiments. Cylindri-

cal shells under axial compression show particularly poor
agreement. For very thin monocoque cylinders, loads have
been obtained at experiments which are as low as about one
fifth of the theoretical values.

In Ref. 1 it is shown that the experimental values of Ref. 2
for stiffened shells r^nge between 57 and 79% of the theoreti-
cal values. These values are well in line with those obtained
for monocoque shells of similar "effective" thickness. Another
example of stiffened shells that give test results well below
the prediction of theory are the large and very carefully
manufactured cylinders discussed in Ref. 3. It seems that
the allegation, sometimes made in the literature, that the
classical buckling theory is applicable for stiffened shells, is
repudiated by experiments. Methods to predict reduced
buckling loads for such shells are needed as well as more ade-
quate methods for monocoque cylinder analysis.

Recent research efforts in the field of thin shell buckling
have led to a good understanding of the basic reasons for the
poor agreement between test and theory. However, the re-
sults of the research have not been utilized to devise better
methods of practical analysis. Therefore, it is attempted here
to establish design procedures which are based on the knowl-
edge that has been acquired over the years.

The first analysis of the postbuckling behavior of axially
loaded cylinders4 indicated that the minimum postbuckling
load was about one third of the classical buckling load and
thus reasonably close to the average of the available test re-
sults. It was suggested therefore that the minimum post-
buckling load be used as a design limit and it was somewhat
unfortunately termed the lower buckling load. A more
accurate postbuckling analysis5 indicates that the minimum
postbuckling load is not suitable as a design load. It was
never widely accepted as such. Instead, the classical
buckling load was used together with a reduction factor which
generally was chosen to be about 0.25.

In a paper by Donnell and Wan in 1950,6 geometrical im-
perfections were recognized as the major reason for the dis-
crepancy between test and theory. Such imperfections
were included in their analysis. However, for a tractable
analysis, certain simplifications had to be introduced which
reduced the analysis to a qualitative demonstration of the
importance of imperfections.

As a consequence of the lack of an adequate theoretical
analysis, the designers of cylindrical shells were forced to use
empirical methods. In 19577 a first attempt was made to
devise a design limit by use of a statistical analysis of available
test results. For different probability levels, a reduction
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factor (p is given as a function of the radius to thickness ratio.
Similar analyses were presented later in which some test re-
sults were added and others for one reason or another were
excluded. Here the design curves of Ref. 8 are shown in Fig.
1. The disadvantage with the statistical analysis procedure
of course is that some test results would affect the design al-
though due to the manner of fabrication or to their size they
are irrelevant.

For analyses such as that of Ref. 7, it appears that the num-
ber of available tests would constitute a sufficient statistical
background as long as the buckling coefficient for a fixed
probability is a function of only one variable, R/t. This is
the case for longer shells but for shorter shells the shell length
becomes an additional parameter and for this case the number
of available tests is not quite satisfactory.

For orthotropic shells or stiffened shells, the number of in-
fluential parameters becomes so large that a purely empirical
approach is out of the question. More or less conservative
design principles have therefore been applied. For stringer
stiffened cylinders it was quite generally assumed that the
effect of curvature is negligible and thus that the wide column
load should be applicable as a design limit. This principle
has been applied also in the analysis of buckling between rings
(panel buckling) for cylinders stiffened with rings as well as
stringers. An approximate method to determine the ring-
size, such that general instability is avoided, was given by
Shanley.9 The Shanley method, being purely empirical and
based on very few test results, is not reliable and besides it is
restricted in application because it cannot be used for a case
in which the stringers are oversized.

In Ref. 10 it was recognized that use of the wide column
load as a design limit for stringer stiffened cylinders was un-
duly conservative. It was suggested that a term be added to
the wide column load which corresponds to the curvature
effect. This term was obtained as the difference between the
classical buckling load and the wide column load multiplied
by a reduction factor. After definition of an effective radius
to thickness ratio, this factor could be obtained from test data
for monocoque shells (as shown in Fig. 1).

In Ref. 11 a set of design rules are given for stiffened
cylinders. The same basic approach is used for the selection
of a reduction factor as in Ref. 10, but the importance of stiff -
ener eccentricity is recognized. The method works well for
the cases in which the wide column load is relatively high
(short cylinders, core-filled cylinders) but for pressurized
cylinders and ring-stiffened cylnders more rational design
criteria are needed.

Recommendations

It appears from the discussion above that for some types of
cylindrical shells a practical method of analysis is available,
which works reasonably well. The question, thus, is if other
methods can be found which are more general or which would
cover the cases for which adequate methods now are lacking.
In particular it appears possible to take advantage of the re-
sults of recent research efforts.

Although residual stresses and variations in modulus or in
shell thickness certainly do influence the critical load, it ap-
pears likely that the deviations from the true form of the shell
midsurface is the major reason for the discrepancy between
theory and test. Thus it appears feasible to apply the theory
presented by Koiter12 in the establishment of methods of
practical analysis. Such application was to some extent
discussed in Ref. 13. An equation which is valid for small
initial imperfections was given for the critical load in terms of
the classical buckling load, the amplitude of the imperfections,
and the so-called imperfection sensitivity parameter. This
equation is valid only for the case in which the imperfections
are proportional to the buckling mode. In addition to the
difficulties connected with the establishment of a representa-
tive value for the amplitude of the imperfections, other
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Fig. 1 Empirical factor <p for cylinders subjected to a
uniform axial load.

problems arise. It is, for instance, pointed out in Ref. 13 that
the lowest eigenvalue may correspond to a buckling mode
which is not imperfection sensitive while a slightly higher
eigenvalue corresponds to a sensitive mode shape. This
situation certainly occurs for ring stiffened and for pressurized
cylinders. Although it seems feasible to investigate a series of
buckling modes, the choice of imperfection amplitude be-
comes in this case more difficult. In view of the fact that
several buckling modes must be considered, such an analysis
may well turn out to require more computer time than a
rigorous solution of the nonlinear equations. It appears that
more work is required before we can utilize the principles of
Koiter's general theory in practical analysis.

A different approach was used here inasmuch as only axially
symmetrical imperfections were included in the analysis. If
it is assumed that the symmetrical component of the imper-
fections is of dominating influence, the following procedure
can be followed. For a given shell, an equivalent monocoque
cylinder is chosen on the basis of the effective radius to thick-
ness ratio.8 The reduction of the critical load for this in-
finitely long monocoque shell can then be found for instance
from Fig. 1. The amplitude of the symmetrical imperfections
which would result in such a reduction can then be established
from the curve presented by Koiter.14 It is then assumed
that the cylinder under consideration has the same imperfec-
tion amplitude as the equivalent cylinder and thus the design
load is found for the orthotropic, stiffened, short, core-filled,
or pressurized shell.

The method outlined above was first applied in the cases
for which adequate methods of practical analysis previously
were available, that is for core-filled or short stringer-stiffened
shells. For such cases the method with axially symmetric
imperfections proved to be somewhat less satisfactory than
the method based on the wide column load previously recom-
mended in Ref. 10. As the wide column load is not affected
by the addition of internal pressure or ring stiffening the
"wide column load method" is definitely unacceptable for
those cases. The "symmetric imperfection method" was ap-
plied to these cases and was found through comparison with
test results to work reasonably well, although somewhat con-
servative. It was decided, therefore, that design principles
would be recommended which were based on the assumption
that both of these methods are conservative. Consequently,
in any particular case, the higher of the predictions from the
two methods would be used as a design limit. In Appendix A
are given the final equations for the classical buckling load,
for the lower bound (wide column load), and for the buckling
load in the presence of axisymmetrical initial imperfections.

For orthotropic or stiffened cylinders the number of in-
fluential parameters is so large that it is impossible to present
design curves which apply with any degree of generality.
Therefore, a computer program is presented in Ref. 15 which
gives design loads for axially loaded cylinders in accordance
with the method recommended. In the following sec-
tion results from this computer program are compared to
available test results.



716 ALMROTH, BURNS, AND PITTNER J. SPACECRAFT

Results

In Refs. 16 and 17 results are presented for stiffened cylin-
ders which are in such a range that agreement between test
and theory may be expected. Such agreement seems to be at
hand but the comparison is obscured by uncertainties about
the edge conditions prevailing at test. These test results
were consequently excluded from the comparison in Figs.
2-7. Also excluded were cases in which the buckling of the

cylinder appeared to have been precipitated by local effects.
Such cases are fiberglass cylinders with a radius to thickness
ratio of 100 or less for which shear failure in the matrix ap-
pears to be the primary mode of failure and the stiffened
cylinders for which the investigator had indicated that local
buckling occurred substantially below the general instability
load. Also excluded, of course, were the cases in which in-
elastic behavior substantially modifies the buckling load.

Comparisons between test and theory are shown for more
than 250 cylinders of different types. In Fig. 2a, the test re-
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Fig. 2 Correlations between test results and a) classical theory, b) 50% probability predictions, c) 90% probability
predictions, d) 99% probability predictions, and e) comparison of 99% probability predictions with predictions based on

classical theory times <p for a monocoque shell with the same effective R/t ratio.
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SYMBOL SPECIMEN NO.
O 2O.1
D 20.2
A 20.3

20.4, 20.5 and 2O.6 Fall In
The Same Band

Classical Theory-a

SYMBOL SPECIMEN NO.
30.1
30.6
30.8

3O.2 thru 30.5 and 3O.7 Fall
In The Same Band

MBOL SPECIMEN NO.
50.3
50.7
50.8

5Q.1, 50.2. and 5O.4 thru 50.6
Fall In The Same Band

I I

1—CUTOFF FOR ELASTIC —
BUCKLING, r f = 6OOO psi

SYMBOL SPECIMEN NO.
O 79.1
D 79.3-2
A 79.5

79.2, 79.3-1, 79.4, 79.6 and 79.7
Fall In The Same Band

CUTOFF FOR ELASTIC _
BUCKLING, <fpL=6OOOpsi

SYMBOL SPECIMEN NO
O 1OO.3-1
D 1OO.4
A 100.7

100.1,100.2,100.3-2,100.5 and 10O.6
Fall In The Same Band

I

Classical Theory

(a) R/t = 675

SYMBOL SPECIMEN NO. R/t L
O 1A 685 14.8- -
D 1B 688 14.8
A 1C 717 14.8
• 2B 685 7.4
• 2C 682 7.4

Classical Theory

(b) R/t=775

• SYMBOL SPECIMEN NO. R/t L
O 2 A 765 -7.4
D 3 A 782 3.7
A 3B 782 3.7
• 3C 780 3.7

1.0 1.5

Fig. 4 Comparison between the pressurized cylinder data
of Ref. 35 and predictions for three probability levels

a) R/t = 675 and b) R/t = 775.

suits are compared to the critical load according to classical
theory. While all the theoretical results are for cylinders
with simply supported edges the test conditions are probably
more likely to correspond to clamped edges. For most cases
it is believed that the influence of the edge conditions is insig-
nificant but there may be cases especially for stringer-stiffened
shells in which the test results would have been considerably
lower if the conditions of simply supported edges could have
been realized. This is illustrated in the tables of Ref. 1 for
some stringer stiffened and some filament wound cylinders,
and it explains why three of the tests give results above the
classical load.

In Figs. 2b-2d, the test results are compared to the pre-
dictions by the methods of analysis recommended here.
Figure 3b corresponds to the use of the 50% probability
curve for the monocoque cylinders (see Fig. 1), while Figs. 2c
and 2d compare results of tests to predictions based on 90 and
99% probabilit}^ respectively. It appears from Fig. 2c that
the results based on 90% probability would not be entirely
"safe" and that the 99% probability curve thus should be

Fig. 3 Comparison between the pressurized cylinder data
of Ref. 34 and predictions for three probability levels, and
a) R/t values of 2000, b) 1333, c) 800, d) 500, and e) 400.

Fig. 5 Comparison between the pressurized cylinder data
of Ref. 36 and predictions for three probability levels.
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Fig. 6 Comparison between the pressurized cylinder data
of Ref. 37 aiid predictions for three probability levels.

recommended for design. For pressurized cylinders, a series
of test results at different values of the internal pressure were
often obtained from the same test specimen. As the format
of Fig. 2 is not suitable for such cases, comparisons between
tests of this type and theory are presented in Figs. 3-6.

It is evident that the classical buckling load is not a suitable
design limit for any of these classes of axially compressed
cylinders. Although it sometimes has been stated in the
literature that for one type of cylindrical shell or another the
theory would be applicable, the designer is generally more
prudent and applies conservative methods. As an example,
for stringer-stiffened shells the wide column load is sometimes
used as a design limit and in other cases a part of the " curva-
ture effect" is added.10 The present method is less conserva-
tive because the corresponding design limit is either equal to
or higher than that of Ref. 10. For other cases it is a common
procedure to apply simply the same reduction factor as for the
infinite monocoque shell with the same effective radius to
thickness ratio. In Fig. 2e the predictions of such a method
(PDES = <£>-PCLASSICAL) are compared to those of the method
recommended here (Pgg). It is seen that the present method
gives the same or higher values in all cases and that sometimes
the difference is substantial.

It is clear, thus, that the design principles recommended
here will lead to more economic design than the methods
which generally are in use. At the same time they should be
entirely safe as out of more than 250 test specimen of many
different types every one failed at a value above the recom-
mended design limit. It seems that improvements may be
possible through minor modifications of the method. The
choice of the curves in Fig. 1 and the definition of an effective
radius to the thickness ratio may for instance be questioned.
Although it is felt that the method recommended here repre-
sents a clear advantage over present design practices, it is
still an interim solution acceptable only because totally satis-
factory methods are not available.

To a designer who is inclined to disagree with the design
principles recommended here, the collection of test results
and the comparison to the classical buckling load should still
be of interest.

Appendix A: Final Equations

The aforementioned method of practical analysis is based
on the equations which follow.

Wide Column Load Method

The characteristics of an orthotropic shell wall are defined

by the constitutive relations
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Equations for the stiffness coefficients dj are given for a
number of different types of shell wall design in Ref. 18. Let
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where \f/mn represents the foundation modulus provided by a
solid elastic core. The core modulus Ec is given in Ref. 19.
With

umn = [n2X(C12 + C33)(<722 - C15X2 - C25n2) -
X(C22n2 + C33X2)(Ci2 - C15n2 - C14X2)]/

[(CnX2 + C33n2)(C22n2 + C33X2) -
n2X2(C12 + C33)2] (A3)

vmn = [nX2(Ci2 + <733)(Ci2 - C15n2 - Ci4X2) -
n(Cn\2 + C33n2)(<722 - C15X2 - C25n2)]/

[(CnX2 + C33n2)(C22n2 + C33X2) -
n2X2(C12 + C33)2] (A4)

The classical buckling load NCL is

NCL = [C44X4 + (C66 + 2C45)XW + C55n4 - 2C15X2 -
I ^-'22 I ^winX(Ci2 — Ci4X — Cis^Z ) -f-

. - Ci5X2 - C25n2) + pn2 + pc]/(n2 + X2) (A5)

The effective radius to thickness ratio in the computer pro-
gram is defined as

(R/t), = [5.46(C44 + C55)(722/(CiiC22 - Cn2)]'112

with
_ ri (ri 2 /ri \ ri _ ri /ri •> //> \ / * a\

44 — O44 — (Ci4V^llj, ^55= Cs5 — (C25VC22) (A6)

If there is no elastic core, the lower bound, or the wide column
load, corresponds to buckling in one axial half wave. Hence

Nwc = #2C44(7r/L)2 (A7)
For the infinite shell with an elastic core the lower bound is
found (after minimization with respect to the wavelength) to
be,

•Nwc = 1.19(#2C44)1/3K/(1 - ^c
2)]2/3 (A8)

The critical buckling load is

NCR = Nwc + <t>(NCL - Nwc) (A9>
where <t> — f(R/t)e> see, for example, Fig. 1.

Symmetric Imperfection Method

The equations for the orthotropic cylinder with an elastic
core can easily be derived in a manner following for instance
the developments in Ref. 14. The derivation is thus not pre-
sented here but only the final equations. It should be noticed
first that there exists two different core modulii, one corre-
sponding to the prebuckling displacements and one to the dis-
placement increments connected with buckling. It is as-
sumed in the analysis that the axial wavelength of the buckling
pattern is twice the wavelength of the initial imperfection
pattern. Hence the two core modulii are \f/Q = i^(2ra,0) and
\l/i = \l;(m,ri). It is assumed also that the imperfection ampli-
tude for the equivalent monocoque cylinder is applicable to
any sinusoidal pattern of imperfections whose wavelength
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is equal to or larger than the critical wavelength for axisym-
metric buckling. The computer program computes first
this wavelength (in the presence of an elastic core through
iteration). The critical load is then determined for a series of
wavelengths until a minimum is found. The half wavelength
of the buckling pattern is not allowed to exceed the shell
length. In addition, of course, the critical load is minimized
with respect to the number of circumferential waves. For a
given combination of axial and circumferential wave numbers
the critical load can be obtained from the following.

X = mir/L, Cn = CiiC22 - Ci2
2 +

a =
c =

+ X2Ci4/fl + Cu/R2, b = diX2

uCn ~ CnCu)\2R - <t>iCnR]/R

A22(X/2)4

(A10)

(All)

(A12)

81A22(X/2)4

Where the AH are the coefficients in the semi-inverted form of
the constitutive equations. For ortho tropic shells these are
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- (l/fl)(A/2)2 - K,

K7 =
(A14b)

3~l) (A14c)

pR(n/RY +
(A15a)

2 (A15b)

£2 = (X/2)2+ ^R(Cn/Cn)(n/R)2 (A15c)
£3 = 2K7(X/2)2(n/^)2 (A15d)

C = Cu/B - (C24Cu - C12C14)X2 - ^oCn (A16)
a = - [(62£0 - 6^! + 2abB, + Bs)/^2^,]
j8 = [(2abBQ - aBl + a2£2)/62£2] (A17)
7 = -(a^o/^B.)

The critical value of the axial load NCR can now be found as
the lowest real root to the equation,

NCR* + aNcR* + pNcR + 7 = 0 (A18)
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Adjustment of a Thermal Mathematical Model to Test Data
JOCHEN DOENECKE*

European Space Research and Technology Centre^ Noordwijk, Holland

An iteration method is presented by which a thermal mathematical model of a spacecraft
can be adjusted to measured temperatures by minimizing the sum of the squares of the
residuals of the nodal heat balance equations. The method permits a common treatment of
three cases, in which the number of unknowns in the system of equations is smaller than,
equal to, or larger than the number of equations. These cases may occur in any of four
conditions of test; 1) steady-state, 2) cooling from steady-state, 3) cyclic state (repeated,
periodic, cooling and heating), and 4) arbritrary transient heating. The 93-node model of the
ESRO-I satellite is analyzed. The foregoing four test conditions and a total number of
16,089 temperatures at two attitudes of the spacecraft (horizontal and vertical position) with
respect to solar radiation are used to recalculate 7 sets of 1957 unknown factors with a digital
computer. The adjustment reduces the sum of the residuals of the heat balance equations
in the steady-state tests by a factor of 5, and in all transient tests by a factor of 2. The rms of
the differences between the measured and calculated temperatures and the standard deviation
of these differences are also reduced by a factor of 2 when a model found from a cyclic state is
applied to other tests. It is observed that the best verification of any spacecraft model is pos-
sible from such a state.

Nomenclature
a — known coefficient in general system of equations
A = radiation factor to space, w/(°K)4

A' = area, m2

6 = known factor in general system of equations
B — heat capacity, w-sec/°K
B' = absorption or "Gebhart" factor
c = specific heat, w-sec/kg-°K
C = thermal conductance, w/°K
D = temperature-time derivative, °K/sec
E = ''Earth" radiation, w
FE,FS = weighting factors defining how the corrections are

distributed among the unknowns E, S, respectively
G = matrix used in Eqs. (4) and (5)
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* Structures Division.

IAV = integer array specifying how the equations are to be
averaged

KOI = integer specifying the type of test
KTE = number of equations for which S = 0 in the cyclic

state
M = number of instants or moments
N — number of nodes
NAV = number of averaged equations
NC = number of independent conductances
NE = number of equations in the general system
NPO = number of points on a temperature-time curve
NU = number of unknowns in the general system
NR = number of independent radiation factors
NS = number of skin nodes
r = residual in heat balance equation, w
R = radiation factor, w/(°K)4

RE,RS = ranges specifying the hypervolume in which the un-
knowns E, S,respectively, are allowed to vary

s = sum of all terms in the heat balance equation, w
S,S' = solar radiation, w, and solar flux, w/m2, respectively
t = time, sec


